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Landau (1937), Landau and Lifshitz (1950):

•
The m

inim
um

 in free energy defines the equilibrium
 state

•
Free energy varies continuously as a function of tem

perature
–

Sym
m

etry change is not continuous

•
Assum

e that the free energy can be expanded as a function of an order 
param

eter w
ith tem

perature-dependent coefficients

-
O

rder param
eter could be polarisation, strain, m

ixing coefficients
–

The m
inim

a also change as a function of tem
perature
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1. Landau theory - second-order phase transitions 
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•
The condition G(–Q

) = G(Q
) requires that the 

pow
er series only has even pow

ers of Q
 

•
W

e w
ill truncate the pow

er series as soon as 
practically possible 

Landau theory
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Landau theory
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Landau theory
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Landau (1937), Landau and Lifshitz (1950):

•
The reference structure is the space group G

0  before the m
agnetic order

•
The H

am
iltonian needs to be invariant under G

0 

•
The resulting sym

m
etry group of the structure is a subgroup of G

0  . Sym
m

etry 
group m

eans that w
e are considering real m

om
ents or real energy term

s 
under sym

m
etry operations

•
O

rder param
eters characterise the transition : its strength (m

odulus) and the 
sym

m
etry that rem

ains in the phase after the ordering
 

•
The m

ixing coefficients are the refined param
eters of a m

agnetic structure

-
T

hey are also valid order param
eters for Landau theory

Landau theory - som
e specifics for us
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Landau (1937), Landau and Lifshitz (1950):

•
Rew

rite the free energy in term
s of polynom

ial of degree n that is invariant 
under G

0 , so 

Landau theory
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P
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Landau (1937), Landau and Lifshitz (1950):

•
In IR

 space w
e need to be able to describe the action of the sym

m
etry 

operations on, e.g. 

•
This is done by considering the action of the IR m

atrix of a given sym
m

etry 
operation g, define this as

•
Sim

plify things by looking at the unique m
atrices of an IR, these form

 the 
im

age of the IR.

•
Look at w

hich operates leave η invariant and w
hich change it to sym

m
etry 

related vectors (com
pare this w

ith m
aking the star of k)

•
U

se this set of {η} to calculate the polynom
ial of invariants,  as F m

ust be 
invariant under these operations. The result has to be consistent (invariant) 
under all these operations sim

ultaneously, e.g. 

Landau theory

g~⌘
=

D
⌫ (g)~⌘
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Landau (1937), Landau and Lifshitz (1950):

•
As w

e know
 η, for a given IR of G

k  w
e can use m

ake a list of w
hich 

sym
m

etry operations leave it invariant or reverse it. These form
 the M

PG
s 

or the M
SG

s of the relevant basis vector com
bination

•
The unique collection of M

PG
s or M

SG
s w

ithin an IR define a set of 
im

portant {η}

•
If tw

o representations contain the som
e of the sam

e im
age m

atrices, 
then the sam

e M
PG

s and M
SG

s can occur in the different IR
s. (T

he 
sam

e sym
m

etry group m
ay span IR

s), even if the degrees of freedom
 

are orthogonal! 

•
 If this happens, coupling can occur betw

een them
. O

ne IR m
ay drive the 

transition (prim
ary) and another m

ay be induced by it through coupling. This 
is a secondary order param

eter. They are not expected to have the sam
e 

tem
perature dependence, but w

ill have the sam
e critical tem

perature

Landau theory - back to our m
agnetic structures
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Landau (1937), Landau and Lifshitz (1950):

•
The sym

m
etry group of the m

agnetic structure should a subgroup of the space 
group before the transition 

•
A transition should involve a single IR, that of the G

0

•
W

hen there are m
ore than one arm

s to the star, the sym
m

etry operations 
are divided am

ongst the arm
s (cosets) 

•
Bringing together these sym

m
etry-related operations recovers those of G

0

•
 So, the rotationally related IRs of G

{k} com
e together, they define a 

collection of m
atrices that involve all the operations of G

0 . 

•
Explore w

hich IR of G
0  has non-zero overlap w

ith this set of IRs.

•
It is this IR that Landau says guides the transition, it could couple IRs 
w

ithin different little groups G
k  that have different k-vectors

•
B

ertaut broke aw
ay from

 this G
0  -based description to focus on G

k.  A
 

single IR
 of G

k  is a good starting point, but there m
ay be coupling 

from
 IR

s w
ith isotropy groups w

ith the sam
e M

SG
/M

PG
 or w

hen 
view

ed from
 G

0

Landau theory

Landau T
heory- W

hen it doesn’t w
ork it m

ight still 
be useful :-)

•
Irreducible representations still classify sym

m
etry types

•
The observation of several IRs involved in a m

agnetic transition 
(structure) gives you inform

ation about the energy drives
•

The difference betw
een w

eakly and strongly first order

Ĥ
Ĥ

Ĥ
Ĥ

+
+

+
1

2
3

4
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O
rd

er Pa
ra

m
eter (‘Isotropy’) g

roup
s  

- Linking
 IR

s to M
a

g
netic G

roup
s

d(h
)~⌘

=
~⌘
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Exam
ple: G

G
G

,  com
plex m

agnetic ordering
•

H
ighly frustrated lattice w

ith the garnet 
structure

•
24 m

agnetic G
d ions per unit cell, divided 

into tw
o interpenetrating sublattices 

•
D

ifference neutron pow
der diffraction 

profiles for in an applied field of (a) 3.3 T, 
(b) 1.6 T and (c) 1.0 T at T = 80 m

K 
•

Peaks cannot be indexed on 
com

m
ensurate m

agnetic cell
•

N
eutron pow

der diffraction data
•

Conventional w
isdom

: take the 
positions of the observed reflections, 
com

pare w
ith positions predicted by 

trial-and-error/random
 search

•
Too m

any possibilities, not a prayer... 

J.R. Stew
art et al, J. Phys. Condens. M

atter. 18,L37 (2006) 
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Exam
ple: G

G
G

,  com
plex m

agnetic ordering
•

H
ighly frustrated lattice w

ith the garnet 
structure

•
24 m

agnetic G
d ions per unit cell, divided 

into tw
o interpenetrating sublattices 

•
D

ifference neutron pow
der diffraction 

profiles for in an applied field of (a) 3.3 T, 
(b) 1.6 T and (c) 1.0 T at T = 80 m

K 
•

Peaks cannot be indexed on 
com

m
ensurate m

agnetic cell
•

N
eutron pow

der diffraction data
•

Conventional w
isdom

: take the 
positions of the observed reflections, 
com

pare w
ith positions predicted by 

trial-and-error/random
 search

•
Too m

any possibilities, not a prayer... 

J.R. Stew
art et al, J. Phys. Condens. M

atter. 18,L37 (2006) 
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Exam
ple: G

G
G

,  com
plex m

agnetic ordering
•

H
ighly frustrated lattice w

ith the garnet 
structure

•
24 m

agnetic G
d ions per unit cell, divided 

into tw
o interpenetrating sublattices 

•
D

ifference neutron pow
der diffraction 

profiles for in an applied field of (a) 3.3 T, 
(b) 1.6 T and (c) 1.0 T at T = 80 m

K 
•

Peaks cannot be indexed on 
com

m
ensurate m

agnetic cell
•

N
eutron pow

der diffraction data
•

Conventional w
isdom

: take the 
positions of the observed reflections, 
com

pare w
ith positions predicted by 

trial-and-error/random
 search

•
Too m

any possibilities, not a prayer... 

J.R. Stew
art et al, J. Phys. Condens. M

atter. 18,L37 (2006) 
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Indexing com
plex m

agnetic ordering 
w

ith SA
R

A
h

•
Com

bine direct and reciprocal space
–

Aim
 to be physically m

eaningful
–

Put m
om

ents at atom
ic positions 

–
RM

C/least squares refine the 
m

om
ent orientations (20 cycles, no 

sym
m

etry constraint other than the 
k-vector)

–
Explore random

ly the points, lines 
and planes of sym

m
etry

–
G

ives only a *few
* possible k-vectors

A.S. W
ills, Z. Kristallogr. Suppl. 30 (2009) 

39-44 

 17

To S
A

R
A

h - old and new
 …



2. A
n introduction to SA

R
A

h and SA
R

A
h R

efine

 19

O
verview

•
SA

R
A

h
–

W
hy I started on this road

–
W

hat it does
–

W
hy it does w

hat it does
–

W
hy it’s different 

–
H

ow
 it does it

–
W

hy I like it…

 20

S
A

R
Ah- w

hat it does

•
SARAh = Sim

ulated A
nnealing and R

epresentational A
nalysis

–
Perform

 sym
m

etry analysis of possible m
agnetic structures using 

Representational (and Corepresentational Theory)
•

Inform
ation for analysing data and understanding phase 

transitions
–

Clip-on front-end to facilitate reverse M
onte Carlo refinem

ent 
of structures in G

SAS using basis vectors and m
ixing coefficients

•
Sym

m
etry-free sim

ulated annealing is not norm
ally enough

–
Clip-on front-end for FullProf using basis vectors and m

ixing 
coefficients

 21

SA
R

A
h- W

hy it does w
hat it does

•
H

istory (back in the 90s…
)

–
M

agnetic structures are largely m
isunderstood

–
K-vector often unknow

n
•

Few
 people knew

 how
 to do representational theory.

–
O

nly a handful of exam
ples in the literature

•
Irreducible representation sources : 
–

Books
–

Karep
–

Kovalev (little understood)
•

Basis functions
–

calculated by hand
–

CS
–

M
ody

»
G

enerally there w
as m

uch confusion!



 22

S
A

R
Ah- W

hy it does w
hat it does

•
Refining a m

agnetic structure from
 N

PD

–
G

SAS uses Red/Black sym
m

etry (restricted, difficult, leads to 
confusion- ‘m

agnetic unit cell’), used only by the few
 …

–
FullProf had m

any different w
ays of defining structures

•
e.g. rotation m

atrices, separate definition for helices
•

Com
plicated, so users built libraries of pcrs

•
U

sers w
ere typically very confused

 23

SA
R

A
h- W

hy it does w
hat it does

•
M

ake the refinem
ent m

ore physical :
–

U
se a sym

m
etry fram

ew
ork 

»
R

estrict m
odels to being physically reasonable 

»
C

reate link betw
een m

agnetic structures and the underlying physics 

•
Enable researchers to refine directly in term

s of sym
m

etry output 
–

U
se m

ixing coefficients as refinem
ent variables

–
U

se basis vectors and k-vectors to define sym
m

etry relationships
»

C
reate a general refinem

ent system
 

–
D

o not reinvent the w
heel (i.e. let users use G

SAS,  FullProf)

»
SA

R
A

h as a suite of program
s 

•
Sym

m
etry calculations

•
Refinem

ent assistant
•

*H
elp* unspecialised users as m

uch as possible
•

k -search w
ith FullProf

»
G

enerate better understanding, better analyses

 24

SA
R

A
h- H

ow
 it does it

•
G

SA
S im

plem
entation 

–
SARAh controls all aspects of sym

m
etry and the m

om
ent orientations, the 

rest is norm
al G

SAS
–

P1 phase in G
SAS (avoid red/ black, allow

 com
plex sym

m
etries). Full 

m
agnetic cell 

–
Lock dow

n non-m
agnetic variables

–
Set G

SAS for 2-3 LS cycles (i.e. converge), norm
al user control

–
SARAh edits .exp file to insert all atom

 positions
–

U
ser selects sym

m
etry type (representation, basis vectors)

–
SARAh m

atches atom
s being refined, replaces m

om
ents, launches G

EN
LES

–
RM

C/Sim
ulated Annealing refinem

ent

 25

SA
R

A
h- H

ow
 it does it

•
Fullprof im

plem
entation 

–
External front end to  prepare and edit the pcr file, w

rite fst file
–

N
ot com

m
and line, sim

plest user choices. Buttons, scroll bars, etc
•

H
elp user as m

uch as possible
*****

•
Sim

plicity, sim
plicity, sim

plicity *****

•
U

nique k-search engine
–

M
ain technical difficulties are w

ith:
•

Form
at in FullProf, its ongoing developm

ent !! Com
plex basis vectors but real or 

im
aginary m

ixing coefficients…
•

D
efinition of the m

agnetic structure- Fullprof over-defines the structure, better 
to generate each m

om
ent 1 tim

e
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O
K

, I have data w
here do I go from

 here?
•

D
o w

e know
 the k vector 

–
W

e hope
–

D
o w

e know
 that there is m

ore than one? M
aybe…

•
C

arry out representational analysis calculations 

•
D

o w
e know

 w
hich IR

 is prim
ary? 

–
N

o, so cycle through IRs until you find it
–

At this point freely explore coefficients
•

D
o w

e know
 the order param

eter direction? 

–
N

ow
 w

e have the IR, search through m
ixing coefficient com

binations
–

Add basis vectors if fit is im
proved

•
A

dd secondary IR
 if the fit is im

proved  

–
Search through m

ixing coefficient com
binations

•
A

dd another k vector if there are peaks that do not line up 

»
Repeat as needed

T
hings to keep in m

ind

•
k-vectors in centred cells need to be handled w

ith care, e.g. k=(100) in B
C

C
 

–
W

hen in doubt, convert to prim
itive and transform

 to centred setting
•

R
epresentational analysis calculations do not get rid of degrees-of-freedom

 

–
Sym

m
etry is about classifying them

–
D

eal w
ith only a few

 variables at a tim
e. M

ore m
odels, each w

ith few
er variables

–
O

rder param
eter directions m

ean even few
er at a tim

e (only a couple m
ay be 

active)

•
B

asis vectors can be com
plex 

–
Enjoy w

hat this can m
ake as a structure

–
The space that they define show

s you w
hat is possible w

ithin your unknow
n 

H
am

iltonian. Think of the physics you are looking for

•
R

elate your analysis to other inform
ation 

–
D

on’t use diffraction in isolation

T
hings to keep in m

ind
•

If you need to couple IR
s 

–
D

o it consciously. - think about it (D
oes this m

ake sense? H
ow

 does it w
ork w

ith 
Landau theory? W

hat can cause it?)

•
A

re there things that you cannot see? 

–
e.g. m

ulti k structures. Very cool and w
e know

 little about them
 (because w

e rarely 
think about them

)

•
M

ultiple phase transitions and 1st order transitions 

–
Typically high tem

perature one is 2nd order; the low
 tem

p one is 1st order (often 
involving another IR com

ing in)

–
1st order does not follow

 Landau theory, but m
ight (m

ostly). A sliding scale

–
Treat the ‘single IR law

’ as a reference. Look for w
here it is broken and think about 

w
hat this m

eans w
ithin the IR of G

0 !

•
B

uilding up m
agnetic structures

–
The Fourier sum

 can build any m
agnetic structure. Just keep adding w

hat you need. 
m

~kj
=

X⌫
, ~k

C
~k⌫
 
~k⌫
e �

2
⇡
i ~k· ~t



A
dd w

hat you need, w
hen you need it …

 
- B

uilding-up the m
agnetic structure

•
O

ckham
’s razor

–
pluralitas non est ponenda sine necessitate 

(“plurality should not be posited w
ithout necessity”)

m
y version

don’t introduce unnecessary variables, use sym
m

etry and physics 
to reduce them

–
W

ork out w
hat the necessity is

–
Think about w

hy! 
–

There lies the fun…
–

There lies the physics
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R
efining m

agnetic structures using representational 
theory and SAR

Ah - learning from
 sim

plicity and 
Serendipity

A
ndrew

 S. W
ills

U
C

L C
hem

istry

A
ssociate D

ean for R
esearch

M
athem

atical and Physical Sciences

R
efining m

agnetic structures and sym
m

etry analysis 
Start w

ith ‘w
hat are they?’

•
‘O

riginal’ SA
R

A
h - R

epresentational A
nalysis (1999)

•
H

istory - refinem
ents using m

anually defined m
agnetic space groups (G

SAS, FullProf) or one 
of several structure definitions (FullProf), e.g. helical structure.  Q

uite specialist. Lots of 
m

istakes, particularly over w
hat a k-vector is..

•
Perform

ed calculations of representational analysis (Bertaut’s m
ethod) using the tables of 

Kovalev to give irreducible representations (IRs) and basis vectors (BVs) 
•

SA
R

A
h-R

efine w
as a front-end (m

eta-program
)  that took the BVs from

 SARA
h, substituted 

related m
om

ents into the G
SA

S exp file, ran G
EN

LES, read the results and carried out 
sim

ulated annealing (reverse-M
onte C

arlo). M
oved refinem

ent from
 m

om
ent com

ponents 
to basis vectors and m

ixing coefficients - direct basis vector refinem
ent

•
SA

R
A
h = Sim

ulated Annealing and Representational Analysis (w
orks for com

m
ensurate and 

single-k incom
m

ensurate structures)
•

FullProf then introduced m
ixing coefficient refinem

ent and SA
R

A
h-R

efine w
as extended to 

w
ork w

ith Fullprof and TO
PA

S by m
aking tem

plate for the m
agnetic phases and editing the 

refinem
ent files.

{m
a ,m

b ,m
c }

!
~m

j
=

P
⌫
,k
C

k⌫
~ 
ki,⌫

e �
2
⇡
ik·t

i
j
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R
efining m

agnetic structures, sym
m

etry 
analysis of m

agnetic structures
•

w
eb SA

R
A

h (2018)
•

M
ove from

 W
indow

s-based codes to w
eb code w

ith calculations carried out in W
olfram

 
M

athem
atica. Functionality independent of operating system

, users do not need licences.
•

Perform
s the sam

e calculations as original SARAh - Representational Analysis (follow
ing 

Bertaut’s m
ethod) to give Irreducible Representations (IRs) and basis vectors (BVs) 

•
Extended to include (am

ongst other things)
•

Stationary vectors (analogous to ‘isotropy groups’, of Javic and the Isotropy suite) 
but using the Black+

W
hite point groups rather than m

agnetic space groups
•

These define high-sym
m

etry structures w
ithin the space of an IR

•
Treat com

m
ensurate and incom

m
ensurate structures as the sam

e
•

Exchange M
ultiplets (Izyum

ov) to connect IRs w
ith isotropic spin and exchange 

sym
m

etry
•

w
ebSA

R
A
h R

efine (2022)
•

W
orks w

ith FullProf. M
akes m

agnetic phases, edits .pcr file directly for easy selection 
and refinem

ent of BVs (using B+W
 stationary groups and exchange m

ultiplets)
 34

SA
R

A
h- R

efine Flow
 chart

h
~⌘
2
=

~⌘
2

h
~⌘
3
=

~⌘
3

h
~⌘
4
=

~⌘
4

h
~⌘
1
=

~⌘
1

G
~⌘
1

G
~⌘
2

G
~⌘
3

G
~⌘
4

Black and w
hite 

point groups

Basis vector 
sym

m
etry spaces

R
efine w

ith m
ixing 

coefficients follow
ing 

sym
m

etry types. 
C

haracterise resulting 
structure w

ith m
agnetic space 

(point) groups defined by η.

Projection of basis 
vectors

~⌘
=

✓
C

1

C
2 ◆

space group
k vector
atom

 positions
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exchange 
m

ultiplets

•
C

urrent developm
ents - m

oving beyond the m
echanics of describing m

agnetic structures and 
helping create understanding of the physical reasons for a m

agnetic structure to form
. See this 

as key to control or properties and intelligent design)  
•

Introduce anti-unitary sym
m

etry (W
igner) w

hich brings in com
plex conjugation and 

tim
e-reversal in a com

plete w
ay

•
Calculations of invariant polynom

ials to enable better understanding of energy drives for 
a given m

agnetic structure, also to reduce confusion over Landau theory…
•

Q
uadrupoles - tensor analysis and useful for orbital ordering

•
‘Serapsis’ - another view

 of the relationships betw
een representation theory, and 

m
agnetic space groups and spin groups

•
M

aking coherent use of the various theories to m
axim

ise the inform
ation that w

e have and 
use w

hen w
e analyse m

agnetic structures - a philosophy and an educational-piece

Sym
m

etry analysis and refining m
agnetic 

structures 
N

ow
 m

ove to ‘w
hy this one?’

 36

B
roadening the 

foundations SA
R

A
h 

•
1927 W

igner, H
eisenberg, H

unds, H
eitler 

-exchange coupling
•

1936 W
igner - A

ntiunitary sym
m

etry 
1937 Landau, D

zyaloshinski - Phase 
transitions

•
1953, 55, 57,  - Shubnikov, Zam

orzaev 
Belov - B+W

 groups 
•

1958, D
zyaloshinski, 1960 M

oriya, 
•

1959 Villain and Kaplan eigenvectors and 
positive eigenvalues - m

inim
um

 energy spin 
arrangem

ent  
•

1962 Bertaut - Exchange interactions and 
H

am
iltonians

•
1963 D

im
m

ock - G
roup theory of phase 

transitions
•

1966 Brinkm
an and Elliot spin space 

groups
•

1968 Bertaut - R
epresentation theory

•
1979 Izyum

ov - Exchange m
ultiplets

•
1981 Jaric; 1984 Stokes and H

atch 
Isotropy subgroups

•
2001 Sikora - Q

uadrupoles
 37

H
istory can m

ake confusions and be daunting…



B
roadening the 

foundations SA
R

A
h 

•
1927 W

igner, H
eisenberg, H

unds, H
eitler 

-exchange coupling
•

1936 W
igner - A

ntiunitary sym
m

etry 
1937 Landau, D

zyaloshinski - Phase 
transitions

•
1953, 55, 57,  - Shubnikov, Zam

orzaev 
Belov - B+W

 groups 
•

1958, D
zyaloshinski, 1960 M

oriya, 
•

1959 Villain and Kaplan eigenvectors and 
positive eigenvalues - m

inim
um

 energy spin 
arrangem

ent  
•

1962 Bertaut - Exchange interactions and 
H

am
iltonians

•
1963 D

im
m

ock - G
roup theory of phase 

transitions
•

1966 Brinkm
an and Elliot spin space 

groups
•

1968 Bertaut - R
epresentation theory

•
1979 Izyum

ov - Exchange m
ultiplets

•
1981 Jaric; 1984 Stokes and H

atch 
Isotropy subgroups

•
2001 Sikora - Q

uadrupoles
 37

Try to m
ake an easier path…

A
dd w

hat you need, w
hen you need it …

 
- M

y building-up principle for m
agnetic structures

 38

O
ckham

’s razor

•
pluralitas non est ponenda sine necessitate 

‣
(“plurality should not be posited w

ithout necessity”)

‣
(“don’t use variables unless you need to”)

‣
(“don’t m

ake your refinem
ent any harder than you need to”)

T
heories help you w

ork out w
hat the necessity is

•
Think about w

hy! 

•
There lies the fun…

•
There lies the physics

Sym
m

etry analysis and refining m
agnetic 

structures 
Epilogue

•
Landau w

as not entirely w
rong in his view

 that antiferrom
agnetic states w

ere unstable w
ith 

respect to quantum
 fluctuations. 

•
This notion w

as continued by the N
obel prize w

inning physics Phil Anderson in 1973. 
H

e w
as exploring how

 N
eel order could be destabilised by quantum

 fluctuations. This 
w

as a route to a new
 type of m

agnetic ground state called the R
esonating Valence Bond 

(RV
B) state, that w

as defined by fluctuations and topology rather than static order and 
local sym

m
etry.  

•
Anderson proposed that the RVB could be favoured by frustration and w

ould underlie the 
transition to high tem

perature superconductivity in the cuprates.

•
Landau’s ideas w

ould later point to an entirely new
 direction in condensed m

atter science 
and a new

 class of electronic state called quantum
 spin liquids and started the search for 

exam
ple m

aterials. M
ost notably studies of S=

1/2 kagom
e antiferrom

agnets …
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C
u

C
l

O
D

C
u

F

C
laringbullite: C

u
4 (O

D
)6 FC

l 

•
AA stacking of kagom

e planes

•
P63/m

m
c at high tem

perature

•
Pnm

a at low
 tem

perature

•
μ

SR: antisite disorder is an order of 
m

agnitude low
er than in herbertsm

ithite
•

M
agnetic order T<17 K

•
G

oal - use exchange interactions to 
understand the H

am
iltonian of the Zn-

doped m
aterial,  ZnCu

3 (O
D

)6 FCl w
hich 

w
e believe to be an candidate quantum

 
spin liquid

S = ½
 kagom

e antiferrom
agnets

M
adeleine G

eorgopoulou  (U
C

L, ILL) and B
jörn Fåk (ILL) 
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M
. G

eo
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p
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u
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ys. R
ev. B
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K
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agnetic structure from
 neutron 

diffraction and exchange m
odel

-
M

ag
n
etic sp

ace g
ro

u
p
: Pn

’m
’a 

-
k
 =

  0
, Irrep

 Γ
7
 (K

ovalev’s n
o
tatio

n
)  

-
3
 C

u
 sites w

ith
 d

ifferen
t sized

 o
rd

ered
 

m
o
m

en
ts. C

o
m

p
le

x
 ca

n
tin

g
!

C
u
 

site 
C
larin

g
b
u
llite Γ

7

M
o
m

en
t 

size (µ
B )

A
FM

 o
u
t-o

f-
p
lan

e 
can

tin
g

FM
 in

-p
lan

e 
can

tin
g

C
u
1

0
.3

0
0

C
u
2

0
.4

1
8

0

C
u
3

0
.5

0
1
7

D
20 @

 ILL

 41

M
. G

eo
rg

o
p
o
u
lo

u
, et al., Ph

ys. R
ev. B

 1
0
7
, 0

2
4
4
1
6
 (2

0
2
3
). 

K
. Tu

stain
, et al., C

h
em

. M
ater. 3

3
,  9

6
3
8
 (2

0
2
1
).

C
u

4 (O
D

)6 FC
l: M

agnetic structure from
 neutron 

diffraction and exchange m
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C
u

4 (O
D

)6 FC
l: Spin w

aves using data from
 

PA
N

TH
ER

 and IN
5 @

 ILL
T
=

1
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, E
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5
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Q
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d
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7
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eV,  
Z
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T
=

1
.8

 - 1
0
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9
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Q

=
1
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d
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M
. G

eo
rg

o
p
o
u
lo

u
, B

. Fåk, D
. B

o
ld

rin
 an

d
 A

.S
. W

ills, (2
0
2
1
). doi:10.5291/ILL-D

ATA
.IN

TE
R

-516 
M

. G
eo

rg
o
p
o
u
lo

u
, B

. Fåk, D
. B

o
ld

rin
, J. O

llivier an
d
 A

.S
. W

ills, (2
0
2
1
). doi:10.5291/ILL-D

ATA
.IN

TE
R

-519

•
Tw

o m
agnetic responses gapped from

 each other
•

G
apless excitations

 42

J
i

V
alu

e (m
eV

)

J
1

1
4

J
t1

-6
.5

J
t2

-3
.5

J
t3

-6

J
c

4

J
2

0
.2

•
Starting point: D

FT and tenth-order high-tem
perature series 

expansion
1

-
4 exchanges: did not stabilise the experim

ental 
m

agnetic structure (no go in SpinW
)

•
Claringbullite, this w

ork

-
“Serendipity”: new

 protocol for determ
ining exchanges 

that stabilise observed m
agnetic structure

2

-
Antiferrom

agnetic kagom
e + interplanar exchanges 

-
Ferrom

agnetic ‘tripod’ exchanges

-
D

M
 = 10%

 Jij

-
θ

W
 = -95 K (exp. = -136 K)

1 H
. O

. Jesch
ke, et al., Ph

ys. R
ev. B

 9
2
, 0

9
4
4
1
7
 (2

0
1
5
). 

2 A
. S

. W
ills, S

eren
d
ip

ity, u
n
p
u
b
lish

ed
. 

S
ig

n
s ag

ree w
ith

 
C
u
-O

(D
)-C

u
 

su
p
erexch

an
g
e 

an
g
les.

C
u

4 (O
D

)6 FC
l: M

odelling spin w
aves in SpinW

 
R

esults
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E
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E
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T
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1
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1
 m
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M
odel versus experim

ent

-
2 m

agnetic responses w
ith 

appropriate gap sizes.

-
10 m

eV excitation: good 
agreem

ent in Q
 and 

bandw
idth.

-
2 m

eV excitation: tw
o 

excitation bands but less 
good agreem

ent.

-
(not necessarily the end, 
but a very good start)

C
u

4 (O
D

)6 FC
l: M

odelling spin w
aves in SpinW

 

M
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 A
nd now

 the ‘how
’…

 C
u

4 (O
D

)6 FC
l: M

odelling spin w
aves in SpinW

 
A

nalysis technique?
•

The 4 exchange param
eters from

 literature did not give a stable m
agnetic structure in SpinW

 
and could not be used to m

odel the spin w
ave spectra

•
N

eed som
ething that can handle 8 exchange interactions

•
W

hat to do?
•

U
se eigenvectors?

•
U

se M
onte Carlo?

 46



Early ideas - Villain, Lyons and K
aplan, 

1.D
iagonalise the Fourier m

atrix of exchange interactions - 
eigenvectors describe the spin configuration of the 
ordered state

•
The problem

 is that this gives a global phase 
•

N
ot m

uch inform
ation for non-collinear structures 

w
here the the angles betw

een the m
om

ents are not 
sim

ple

•
Tends to be used to m

ake high-level phase diagram
s

•
This cannot be used algebraically for com

plex m
atrices 

as the eigenvectors w
ill involve com

plex roots. U
se grid 

search.

This technique isn’t heavily used to understand the 
orderings of m

agnetic structures
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Early ideas - M
onte C

arlo1.
Follow

 Bertaut - set up an exchange m
atrix. 

Include D
zyaloshinski and M

oriya vectors
2.

G
o beyond Bertaut ’s theory and use the 

exchange m
atrix to perform

 sym
m

etry analysis of 
the related isotropic exchange H

am
iltonian

3.
M

onte Carlo- conventional thought m
ay be to

1.
M

ake a large unit cell/set boundary 
conditions

2.
Take a set of exchange values (vector in the 
space of exchange interactions)

3.
determ

ine stable m
agnetic structure by M

C 
protocol - m

ake changes to spin structure,
4.

Repeat to validate solution
4.

Problem
 - com

putationally very expensive. I 
started from

 needing to go beyond the literature 
m

odels, and the next step looked like an 8 
exchange values. Taking 10 trial values for each 
exchange energy gives >

10
8 sets of SA

 runs. 
W

ith 1 hour per run this direction of study 
effectively fails…

 N
eed another w

ay…
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A

nalysis technique?
•

The 4 exchange param
eters from

 literature did not give a stable m
agnetic structure in SpinW

 
and could not be used to m

odel the spin w
ave spectra

•
N

eed som
ething that can handle 8 exchange interactions

•
W

hat to do?
•

U
se eigenvectors? N

ot enough ‘angular resolution’
•

U
se M

onte Carlo? Too expensive/slow
 for this problem

•
Som

ething m
ore creative? …

 Literally focusing on the problem
 - w

hat stabilises the 
experim

ental structure…
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Foundations of 
Serendipity 
S

om
e background 

theories 

•
1906 W

eiss

•
1937 Landau, D

zyaloshinski - Phase 
transitions

•
1936 W

igner - A
ntiunitary sym

m
etry 

•
1946 Luttinger-T

isza - m
inim

um
 energy 

spin arrangem
ent.  1958, D

zyaloshinski, 
1960 M

oriya, 

•
1959, 60s V

ilain and K
aplan eigenvectors 

and positive eigenvalues - m
inim

um
 energy 

spin arrangem
ent  

•
1962 Bertaut - Exchange interactions and 
H

am
iltonians

•
1968 Bertaut - R

epresentation theory

•
1979 Izyum

ov - Exchange m
ultiplets

•
1981 Jaric; 1984 Stokes and H

atch Isotropy 
subgroups

•
Serapsis is likely to be helpful w

ith possible 
tie in w

ith Landau theory 
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D

)6 FC
l: M

odelling spin w
aves in SpinW

•
Starting point: D

FT and tenth-order high-tem
perature series 

expansion
1

-
4 exchanges: did not stabilise the experim

ental 
m

agnetic structure (no go in SpinW
)

•
Claringbullite, this w

ork

-
“Serendipity”: new

 M
onte-Carlo based refinem

ent 
protocol for determ

ining exchanges that stabilise 
observed m

agnetic structure
2

-
Antiferrom

agnetic kagom
e + interplanar exchanges 

-
Ferrom

agnetic ‘tripod’ exchanges

-
D

M
 = 10%

 Jij

-
θ

W
 = -95 K (exp. = -136 K)

N
eed m

ore test system
s!
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M
odel versus experim

ent

-
2 m

agnetic responses w
ith 

appropriate gap sizes.

-
10 m

eV excitation: good 
agreem

ent in Q
 and 

bandw
idth.

-
2 m

eV excitation: tw
o 

excitation bands but less 
good agreem

ent.

-
(not necessarily the end, 
but a very good start)
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Sym
m

etry analysis, refining m
agnetic 

structures, stability conditions, spin w
ave 

analysis 
•

M
y current developm

ents - m
oving beyond the m

echanics of describing m
agnetic structures 

and focussing on creating understanding of the physical reasons for a m
agnetic structure to 

form
•

A
 personal view

•
Softw

are needs to be based on physical principles (AI developm
ent now

 m
oves tow

ards 
physics-encoded  AI)

•
H

istory often m
akes inconsistencies and confusion

•
w

ebSA
R

A
h, w

ebSA
R

A
h-R

efine have a developm
ent track to m

ake a clear path through 
historical theories and refine the analysis technique of direct basis vector refinem

ent. 
•

Serendipity is a new
 w

ay to study m
agnetic stabilities (and help spin w

ave studies!). It w
as 

built for Claringbullite (a rather hard problem
). I am

 very happy to discuss ideas and learn 
m

ore from
 people that actually understand spin w

aves
•

SER
A

PSIS is (I hope) going to connect sym
m

etry ideas and m
ake clarity
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